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ôóíêöèè

Äëÿ îäíîïîëîñòíîãî ãèïåðáîëîëèäà â òðåõìåðíîì âåùåñòâåííîì ïðîñòðàíñòâå ïîñòðîåíû

4 êîìïëåêñíûå îáîëî÷êè, óêàçàíû ñôåðè÷åñêèå ôóíêöèè íà ãèïåðáîëîèäå, êîòîðûå

ìîãóò áûòü ïðîäîëæåíû àíàëèòè÷åñêè íà ýòè îáîëî÷êè (êàæäîé îáîëî÷êå îòâå÷àþò

ñôåðè÷åñêèå ôóíêöèè êàêîé-íèáóäü îäíîé ñåðèè), íàéäåíû îïåðàòîðû ïðîåêòèðîâàíèÿ

íà ïîäïðîñòðàíñòâà, â êîòîðûõ äåéñòâóþò ïðåäñòàâëåíèÿ êàêîé-íèáóäü îäíîé èç ñåðèé,

è íàïèñàíû ñîîòâåòñòâóþùèå ÿäðà Êîøè-Ñåãå

Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò íàøó ðàáîòó [3] î ñôåðè÷åñêèõ ôóíêöèÿõ
è êîìïëåêñíûõ îáîëî÷êàõ íà îäíîïîëîñòíîì ãèïåðáîëîèäå X â òðåõìåðíîì
âåùåñòâåííîì ïðîñòðàíñòâå R3. Â ðàçëîæåíèå êâàçèðåãóëÿðíîãî ïðåäñòàâëåíèÿ
ïñåâäî-îðòîãîíàëüíîé ãðóïïûG = SO0(1, 2) íà X âõîäÿò íåïðèâîäèìûå óíèòàðíûå
ïðåäñòàâëåíèÿ íåïðåðûâíîé ñåðèè ñ êðàòíîñòüþ äâà è ãîëîìîðôíîé è àíòèãîëîìîðôíîé
äèñêðåòíûõ ñåðèé ñ êðàòíîñòüþ îäèí. Ñàìî ðàçëîæåíèå ýêâèâàëåíòíî ðàçëîæåíèþ
äåëüòà-ôóíêöèè íà X ïî ñôåðè÷åñêèì ôóíêöèÿì ýòèõ ñåðèé.

Ìû ñòðîèì ÷åòûðå êîìïëåêñíûå îáîëî÷êè ãèïåðáîëîèäà X è óêàçûâàåì
ñôåðè÷åñêèå ôóíêöèè íà ãèïåðáîëîèäå, êîòîðûå ìîãóò áûòü ïðîäîëæåíû àíàëèòè÷åñêè
íà ýòè îáîëî÷êè; êàæäîé îáîëî÷êå îòâå÷àþò ñôåðè÷åñêèå ôóíêöèè êàêîé-íèáóäü
îäíîé ñåðèè. Ìû íàõîäèì îïåðàòîðû ïðîåêòèðîâàíèÿ íà ïîäïðîñòðàíñòâà, â
êîòîðûõ äåéñòâóþò ïðåäñòàâëåíèÿ êàêîé-íèáóäü îäíîé èç ñåðèé, è ïèøåì ñîîòâåòñòâóþùèå
ÿäðà Êîøè-Ñåãå. Â ÷àñòíîñòè, ýòî ðåøàåò çàäà÷ó õàðàêòåðèçàöèè ñåðèé ñ ïîìîùüþ
êîìïëåêñíûõ îáîëî÷åê (ïðîãðàììà Ãåëüôàíäà�Ãèíäèêèíà).

Àíàëèòè÷åñêîå ïðîäîëæåíèå ñôåðè÷åñêèõ ôóíêöèé äèñêðåòíûõ ñåðèé áûëî
ïîëó÷åíî â íàøåé ðàáîòå [2].

� 1. Îäíîïîëîñòíûé ãèïåðáîëîèä è êîìïëåêñíûå îáîëî÷êè

1Ðàáîòà ïîääåðæàíà Ãîñçàäàíèåì Ìèíîáðíàóêè 1.3445.2011, ÔÖÏ "Íàó÷íûå è íàó÷íî-

ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé Ðîññèè" 14.740.11.0349
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Ââåäåì â R3 áèëèíåéíóþ ôîpìó

[x, y] = −x1y1 + x2y2 + x3y3, (1.1)

ãäå x = (x1, x2, x3), y = (y1, y2, y3). Ïóñòü X � îäíîïîëîñòíûé ãèïåðáîëîèä
[x, x] = 1 â R3. Ïóñòü G = SO0(1, 2) � ñâÿçíàÿ ãðóïïà ëèíåéíûõ ïðåîáðàçîâàíèé
ïðîñòðàíñòâà R3, ñîõðàíÿþùèõ ôîðìó [x, y]. Ìû áóäåì ñ÷èòàòü, ÷òîG äåéñòâóåò
ñïðàâà: x 7→ xg, â ñîîòâåòñòâèè ñ ýòèì çàïèñûâàåì âåêòîð â âèäå ñòðîêè. Íà
ãèïåðáîëîèäå X ãðóïïà G äåéñòâóåò òðàíçèòèâíî. Èíâàðèàíòíàÿ ìåðà åñòü
dx = |x3|−1 dx1 dx2. Ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå L2(X , dx) ïî ýòîé
ìåðå äàåòñÿ ôîðìóëîé

〈f1, f2〉X =

∫
X
f1(x) f2(x) dx.

Ñòàöèîíàðíàÿ ïîäãðóïïà H òî÷êè x0 = (0, 0, 1) ∈ X ñîñòîèò èç ìàòðèö

h =

 ch t sh t 0
sh t ch t 0
0 0 1

 ,

îíà èçîìîðôíà SO0(1, 1). Ñëåäîâàòåëüíî, X = G/H.
Ïðèâåäåì íåêîòîðûé ìàòåðèàë èç [3] î êîìïëåêñíûõ îáîëî÷êàõ ãèïåðáîëîèäà

X .
Ðàñïðîñòðàíèì áèëèíåéíóþ ôîðìó [x, y] íà ïðîñòðàíñòâî C3 ôîðìóëîé (1.1).

Óðàâíåíèå [x, x] = 1 â C3 çàäàåò êîìïëåêñíûé ãèïåðáîëîèä X C. Êîìïëåêñíûå
îáîëî÷êè Ω±, Y± ãèïåðáîëîèäà X � ýòî ñëåäóþùèå ÷åòûðå êîìïëåêñíûå ïîäìíîãîîáðàçèÿ
â X C:

Ω+ : −1 < [x, x] < 1, Imx1 > 0,

Ω− : −1 < [x, x] < 1, Imx1 < 0,

Y+ : [x, x] > 1, Im
x3

x2

< 0,

Y− : [x, x] > 1, Im
x3

x2

> 0,

Ñîïîñòàâèì êàæäîé òî÷êå x ìíîãîîáðàçèé Ω±, Y± åå òðåòüþ êîîðäèíàòó
x3. Òîãäà îáðàçîì ìíîãîîáðàçèÿ Ω± ñëóæèò âñÿ êîìïëåêñíàÿ ïëîñêîñòü C ñ
ðàçðåçàìè (−∞,−1] è [1,+∞), à îáðàçîì ìíîãîîáðàçèÿ Y± � âñÿ ïëîñêîñòü C ñ
ðàçðåçîì [−1, 1].

Ïóñòü F (ω) è G(y) � àíàëèòè÷åñêèå ôóíêöèè íà Ω± è Y±, çàâèñÿùèå òîëüêî
îò òðåòüåé êîîðäèíàòû: F (ω) = f(ω3) è G(y) = g(y3). Ïóñòü òî÷êè ω ∈ Ω± è
y ∈ Y± ñòðåìÿòñÿ ê òî÷êå x ∈ X . Òîãäà

limF (ω) = f(x3 ± i0 · x1x3),

limG(y) = g(x3 ∓ i0 · x2).
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� 2. Ïðåäñòàâëåíèÿ ãðóïïû G = SO0(1, 2)

Íàïîìíèì íåêîòîðûé ìàòåðèàë î ïðåäñòàâëåíèÿõ Tσ ãðóïïûG, ñì., íàïðèìåð,
[4]. Ìû èñïîëüçóåì êîìïàêòíóþ êàðòèíó. Äëÿ ìíîãîîáðàçèÿ M ÷åðåç D(M)
îáîçíà÷àåòñÿ ïðîñòðàíñòâî ôóíêöèé êëàññà C∞ ñî çíà÷åíèÿìè â C íà M ñ
êîìïàêòíûì íîñèòåëåì è ÷åðåç D′(M) îáîçíà÷àåòñÿ ïðîñòðàíñòâî îáîáùåííûõ
ôóíêöèé íà M � àíòèëèíåéíûõ íåïðåðûâíûõ ôóíêöèîíàëîâ íà D(M).

Ïóñòü S � ñå÷åíèå êîíóñà [x, x] = 0 ïëîñêîñòüþ x1 = 1, ýòî � îêðóæíîñòü,
ñîñòîÿùàÿ èç òî÷åê s = (1, sinα, cosα), ãäå α ∈ R. Ýâêëèäîâà ìåðà íà S åñòü
ds = dα. Ïðåäñòàâëåíèå Tσ, σ ∈ C, ãðóïïû G äåéñòâóåò â D(S) ñëåäóþùèì
îáðàçîì:

(Tσ(g)f) (s) = f

(
sg

(sg)1

)
(sg)σ1 ,

ãäå g ∈ G, èíäåêñ 1 óêàçûâàåò ïåðâóþ êîîðäèíàòó. Åñëè σ � íå öåëîå, òî
Tσ íåïðèâîäèìî è ýêâèâàëåíòíî T−σ−1. Âîçüìåì â D(S) áàçèñ, ñîñòîÿùèé èç
ôóíêöèé

ψm(s) = eimα, m ∈ Z.

Åñëè σ � öåëîå, òî ïîäïðîñòðàíñòâà Vσ,+ è Vσ,−, ïîðîæäàåìûå ôóíêöèÿìè ψm ñ
m > −σ è m 6 σ, ñîîòâåòñòâåííî, èíâàðèàíòíû.

Ýðìèòîâà ôîðìà

〈ψ, ϕ〉S =

∫
S

ψ(s)ϕ(s) ds (2.1)

èíâàðèàíòíà îòíîñèòåëüíî ïàðû Tσ, T−σ−1, òî åñòü

〈Tσ(g)ψ, ϕ〉S = 〈ψ, T−σ−1(g
−1)ϕ〉S. (2.2)

Èìååòñÿ ÷åòûðå ñåðèè íåïðèâîäèìûõ óíèòàðèçóåìûõ ïðåäñòàâëåíèé: íåïðåðûâíàÿ
ñåðèÿ, ñîñòîÿùàÿ èç Tσ, σ = −1/2 + iρ, ρ ∈ R, ñî ñêàëÿðíûì ïðîèçâåäåíèåì
(2.1); äîïîëíèòåëüíàÿ ñåðèÿ, ñîñòîÿùàÿ èç Tσ, −1 < σ < 1; è äâå äèñêðåòíûå
ñåðèè � ãîëîìîðôíàÿ è àíòèãîëîìîðôíàÿ: T+

n è T−n , n ∈ N = {0, 1, 2, . . .},
ñîîòâåòñòâåííî; ïðåäñòàâëåíèå T±n åñòü ôàêòîð-ïðåäñòàâëåíèå ïðåäñòàâëåíèÿ
Tn, äåéñòâóþùåå âD(S)/Vn,∓, îíî ýêâèâàëåíòíî ïðåäñòàâëåíèþ T±−n−1, äåéñòâóþùåìó
â ïîäïðîñòðàíñòâå V−n−1,±.

Ïðåäñòàâëåíèå Tσ ðàñïðîñòðàíÿåòñÿ íà ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé
D′(S) ôîðìóëîé (2.2), ãäå 〈ψ, ϕ〉S îçíà÷àåò çíà÷åíèå îáîáùåííîé ôóíêöèè ψ íà
îñíîâíîé ôóíêöèè ϕ.

� 3. Ñôåðè÷åñêèå ôóíêöèè
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Ñíà÷àëà óêàæåì îáîáùåííûå ôóíêöèè θ âD′(S), èíâàðèàíòíûå îòíîñèòåëüíî
H â ïðåäñòàâëåíèÿõ Tσ è èõ ïîäôàêòîðàõ, ñì., íàïðèìåð, [4]. Ìû èñïîëüçóåì
ñòàíäàðòíûå îáîçíà÷åíèÿ äëÿ îáîáùåííûõ ôóíêöèé íà ïðÿìîé: tσ±, (t± i0)σ, à
òàêæå

tσ,ε = |t|σ sgnεt = tσ+ + (−1)ε tσ− ,

ãäå σ ∈ C, ε ∈ Z, ôàêòè÷åñêè ýòà ôóíêöèÿ çàâèñèò òîëüêî îò ε ïî ìîäóëþ äâà,
òàê ÷òî ìîæíî áðàòü ε = 0, 1.

Ïðîñòðàíñòâî H-èíâàðèàíòîâ äëÿ Tσ èìååò ðàçìåðíîñòü 2 äëÿ σ 6= −n− 1 è
ðàçìåðíîñòü 3 äëÿ σ = −n− 1 (çäåñü n ∈ N).

Äëÿ σ /∈ Z âîçüìåì áàçèñ

θσ,±(s) = (s3 ± i0)σ

= ([x0, s]± i0)σ. (3.1)

Âñÿêèé íåïðèâîäèìûé ïîäôàêòîð èìååòH-èíâàðèàíò, åäèíñòâåííûé ñ òî÷íîñòüþ
äî ìíîæèòåëÿ. Â ÷àñòíîñòè, äëÿ T±−n−1 èíâàðèàíòîì ÿâëÿåòñÿ

θ±−n−1(s) = (s3 ∓ i0 · s2)
−n−1. (3.2)

Äëÿ σ /∈ Z ìû îïðåäåëÿåì 4 ñôåðè÷åñêèå ôóíêöèè Φσ,±,±(x), çíàêè áåðóòñÿ
â ïðîèçâîëüíûõ ñî÷åòàíèÿõ, à äëÿ σ = n ∈ N ìû îïðåäåëÿåì 2 ñôåðè÷åñêèå
ôóíêöèè Ψn,±(x). Ýòè ôóíêöèè îêàçûâàþòñÿ ëîêàëüíî èíòåãðèðóåìûìè ôóíêöèÿìè
íà X , èíâàðèàíòíûìè îòíîñèòåëüíî H. À èìåííî, ìû ïîëàãàåì

Φσ,±,±(x) = 〈θ−σ−1,± , Tσ (g−1) θσ,±〉S ,
Ψn,±(x) = 〈θ±−n−1 , Tn (g−1) θn,n+1〉S ,

ãäå g � òàêîé ýëåìåíò èç G, ÷òî x0g = x. Ïîäñòàâëÿÿ (3.1) è (3.2), ïîëó÷èì

Φσ,±,±(x) =

∫
S

(s3 ± i0)−σ−1([x, s]∓ i0)σ ds,

Ψn,±(x) =

∫
S

(s3 ± i0 · s2)
−n−1 [x, s]n,n+1 ds.

Ýòè ôóíêöèè âûðàæàþòñÿ ÷åðåç ôóíêöèè Ëåæàíäðà Pσ(±x3) èQn(x3). Ôóíêöèè
Ëåæàíäðà Pν(z) è Qν(z) îïðåäåëåíû â ïëîñêîñòè êîìïëåêñíîãî ïåðåìåííîãî z ñ
ðàçðåçàìè [−1, 1] è (−∞,−1], [1,+∞), ñîîòâåòñòâåííî, ñì. [1]. Íà ðàçðåçàõ ìû
îïðåäåëÿåì ýòè ôóíêöèè êàê ïîëóñóììó ïðåäåëüíûõ çíà÷åíèé ñâåðõó è ñíèçó.

Ââåäåì ñëåäóþùèå ôóíêöèè íà X :

Aσ,±(x) =

{
Pσ(x3), x3 > −1,
Pσ(x3)∓ i sin σπ · sgnx1 · Pσ(−x3), x3 < −1,

(3.3)

Bσ,±(x) =

{
Pσ(−x3)∓ i sin σπ · sgnx1 · Pσ(x3), x3 > 1,
Pσ(−x3), x3 < 1,

(3.4)

Cn,±(x) =

{
Qn(x3), |x3| > 1,
Qn(x3)± (iπ/2) · sgnx2 · Pn(x3), |x3| < 1,

(3.5)
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Ýòè ôóíêöèè ÿâëÿþòñÿ ïðåäåëüíûìè çíà÷åíèÿìè íà X àíàëèòè÷åñêèõ ôóíêöèé
íà Ω±, Y±, à èìåííî,

Aσ,±(x) = limPσ(ω3), ω ∈ Ω±, ω → x,

Bσ,±(x) = limPσ(−ω3), ω ∈ Ω±, ω → x,

Cn,±(x) = limQn(y3), y ∈ Y±, y → x.

Ñôåðè÷åñêèå ôóíêöèè âûðàæàþòñÿ ÷åðåç ôóíêöèè (3.3), (3.4), (3.5) ñëåäóþùèì
îáðàçîì:

Φσ,∓,±(x) = ± 2πi · Aσ,±(x),

Φσ,±,±(x) = ∓ 2πi · e∓iσπ Bσ,±(x),

Ψn,±(x) = 4Cn,±(x),

â ýòèõ ôîðìóëàõ áåðóòñÿ ëèáî âåðõíèå, ëèáî íèæíèå çíàêè "±".
Èç (3.3), (3.4), (3.5) ïîëó÷àåì, ÷òî ôóíêöèè Ëåæàíäðà Pσ(±x3), Qn(x3) �

ïîëóñóììû ôóíêöèé A, B, C:

Pσ(x3) =
1

2

∑
±

Aσ,±(x),

Pσ(−x3) =
1

2

∑
±

Bσ,±(x), (3.6)

Qn(x3) =
1

2

∑
±

Cσ,±(x). (3.7)

� 4. Ôîðìóëà Ïëàíøåðåëÿ

Â ðàçëîæåíèå êâàçèðåãóëÿðíîãî ïðåäñòàâëåíèÿ íà îäíîïîëîñòíîì ãèïåðáîëîèäå
X âõîäÿò ïðåäñòàâëåíèÿ íåïðåðûâíîé ñåðèè ñ êðàòíîñòüþ äâà è îáåèõ äèñêðåòíûõ
ñåðèé (ãîëîìîðôíîé è àíòèãîëîìîðôíîé) ñ êðàòíîñòüþ îäèí.

Îáîçíà÷èì ÷åðåç δ(x) äåëüòà-ôóíêöèþ íà X , ñîñðåäîòî÷åííóþ â òî÷êå x0:

〈δ, f〉X = f(x0)

Ôîðìóëà Ïëàíøåðåëÿ äëÿ X ðàâíîñèëüíà ðàçëîæåíèþ ýòîé äåëüòà-ôóíêöèè ïî
ñôåðè÷åñêèì ôóíêöèÿì, ñì., [4]. Îòìåòèì, ÷òî â [4] ìû èñïîëüçîâàëè äðóãîé
áàçèñ äëÿ ñôåðè÷åñêèõ ôóíêöèé íåïðåðûâíîé ñåðèè. Çàïèøåì ôîðìóëó Ïëàíøåðåëÿ
èç [4], çàìåíÿÿ ñôåðè÷åñêèå ôóíêöèè èõ âûðàæåíèÿìè ÷åðåç ôóíêöèè Ëåæàíäðà:

δ(x) =
1

4π

∫ ∞
−∞

ρ sh ρπ

(ch ρπ)2
Pσ(−x3) dρ+

1

2π2

∞∑
n=0

(2n+ 1)Qn(x3),

ãäå σ = −(1/2) + iρ.
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Çàìåíèì çäåñü ôóíêöèè Ëåæàíäðà èõ âûðàæåíèÿìè ÷åðåç Bσ,±(x) è Cσ,±(x),
ñì., (3.6) è (3.7). Ìû ïîëó÷èì ðàçëîæåíèå äåëüòà-ôóíêöèè â ñóììó ÷åòûðåõ
îáîáùåííûõ ôóíêöèé:

δ(x) = E+
c (x) + E−c (x) + E+

d (x) + E−d (x), (4.1)

ãäå

E±c (x) =
1

8π

∫ ∞
−∞

ρ sh ρπ

(ch ρπ)2
Pσ(−x3) dρ, σ = −(1/2) + iρ,

E±d (x) =
1

4π2

∞∑
n=0

(2n+ 1)Qn(x3).

Ðàçëîæåíèå (4.1) îòâå÷àåò ðàçëîæåíèþ ïðîñòðàíñòâà L2(X , dx) íà ïîäïðîñòðàíñòâà,
â êîòîðûõ äåéñòâóþò îòäåëüíûå ñåðèè ïðåäñòàâëåíèé:

L2(X , dx) = H+
c +H−c +H+

d +H−d , (4.2)

� íåïðåðûâíàÿ, íåïðåðûâíàÿ, ãîëîìîðôíàÿ äèñêðåòíàÿ, àíòèãîëîìîðôíàÿ äèñêðåòíàÿ,
ñîîòâåòñòâåííî.

Óäàåòñÿ âû÷èñëèòü ÿâíî îáîáùåííûå ôóíêöèè èç (4.1), à èìåííî,

E±c =
1

4
δ − 1

4π
(x3 − 1)−1 ± i

4π
(Z+ + Z−), (4.3)

E±d =
1

4
δ +

1

4π
(x3 − 1)−1 ± i

4π
(Z+ − Z−), (4.4)

ãäå Z± � ñëåäóþùèå îáîáùåííûå ôóíêöèè íà X :

〈Z±, f〉X =

∫ ∞
−∞

f(t,±t, 1)
dt

t
, f ∈ D(X ).

Ýòî � èíòåãðàëû ïî ïðÿìîëèíåéíûì îáðàçóþùèì íà X , ïðîõîäÿùèì ÷åðåç x0,
ïî ìåðå, èíâàðèàíòíîé îòíîñèòåëüíî ïîäãðóïïû H.

Îáîáùåííûå ôóíêöèè èç (4.1) ÿâëÿþòñÿ ïðåäåëüíûìè çíà÷åíèÿìè ôóíêöèé
íà êîìïëåêñíûõ îáîëî÷êàõ:

E±c (x) = lim
1

4π2
(1− ω3)

−1 (4.5)

E±d (x) = lim
1

4π2
(y3 − 1)−1 , (4.6)

ïðåäåëû áåðóòñÿ ïðè ω → x, ω ∈ Ω±, è ïðè y → x, y ∈ Y±, ñîîòâåòñòâåííî.
Ïðåäåëüíûå ñîîòíîøåíèÿ (4.5), (4.6) ïîíèìàþòñÿ â ñëåäóþùåì ñìûñëå. Ñíà÷àëà
ìû ïðîäîëæàåì íà X ñ êîìïëåêñíûõ îáîëî÷åê òàêèå æå ôóíêöèè ñ ïîêàçàòåëåì
λ âìåñòî −1, à çàòåì ïîëàãàåì λ = −1:

E±c (x) =

[
lim

1

4π2
(1− ω3)

λ

]
λ=−1

E±d (x) =

[
lim

1

4π2
(y3 − 1)λ

]
λ=−1

.
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� 5. Ïðîåêòîðû íà ñåðèè, ÿäðà Êîøè�Ñåãå

Îáîçíà÷èì ÷åðåç Π±c , Π±d îïåðàòîðû â L2(X , dx), ïðîåêòèðóþùèå íà ïîäïðîñòðàíñòâà
H±c , H

±
d , ñîîòâåòñòâåííî. Èõ ÿâíûå âûðàæåíèÿ ïîëó÷àþòñÿ èç (4.3), (4.4) ñ

ïîìîùüþ ñäâèãà. À èìåííî, äëÿ f ∈ D(X ) ìû èìååì(
Π±c f

)
(x) =

1

4
f(x)− 1

4π

∫
X

([x, u]− 1)−1 f(u) du

± i

4π

[
(W+f)(x) + (W−f)(x)

]
,(

Π±d f
)

(x) =
1

4
f(x) +

1

4π

∫
X

([x, u]− 1)−1 f(u) du

± i

4π

[
(W+f)(x)− (W−f)(x)

]
,

ãäå W± � ñëåäóþùèå îïåðàòîðû:(
W±f

)
(x) =

∫ ∞
−∞

f(x+ t · e±x )
dt

t
,

âåêòîðû e±x ∈ S ïîëó÷àþòñÿ èç âåêòîðîâ (1,±1, 0) ñäâèãîì íà ýëåìåíò g ∈ G
òàêîé, ÷òî x = x0g, à èìåííî,

e±x =

(
1,
x1x2 ∓ x3

x2
1 + 1

,
x1x3 ± x2

x2
1 + 1

)
.

Çíà÷åíèå îïåðàòîðîâW± îò ôóíêöèè f â òî÷êå x � ýòî èíòåãðàëû îò ôóíêöèè f
ïî ïðÿìîëèíåéíûì îáðàçóþùèì íà X , ïðîõîäÿùèì ÷åðåç x, ïî ìåðå, èíâàðèàíòíîé
îòíîñèòåëüíî ñòàöèîíàðíîé ïîäãðóïïû òî÷êè x.

Îòìåòèì ëþáîïûòíîå îáñòîÿòåëüñòâî: ðàçíîñòè Π+
c −Π−c è Π+

d−Π−d îïåðàòîðîâ
ïðîåêòèðîâàíèÿ âûðàæàþòñÿ òîëüêî ÷åðåç îïåðàòîðû W±:

Π+
c − Π−c =

i

2π

(
W+ +W−) ,

Π+
d − Π−d =

i

2π

(
W+ −W−) .

Ïîäïðîñòðàíñòâà (4.2) ÿâëÿþòñÿ ñîáñòâåííûìè äëÿ ýòèõ ðàçíîñòåé ñ ñîáñòâåííûìè
çíà÷åíèÿìè 1,−1, 0, 0 è 0, 0, 1,−1, ñîîòâåòñòâåííî.

Íàêîíåö, èç (4.5) è (4.6) ñ ïîìîùüþ ñäâèãà ìû ïîëó÷àåì ÿäðà Êîøè�Ñåãå,
îòâå÷àþùèå ïîäïðîñòðàíñòâàì H±c è H±d :

E±c (ω, x) =
1

4π2
(1− [ω, x])−1 , ω ∈ Ω±, x ∈ X ,

E±d (y, x) =
1

4π2
([y, x]− 1)−1 , y ∈ Y±, x ∈ X .
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Ïîñòóïèëà â ðåäàêöèþ 16 íîÿáðÿ 2012 ãîäà

V. F. Molchanov. Spherical functions on the hyperboloid of one sheet, complex hulls and

Plancherel fofmula

For the hyperboloid of one sheet in the three-dimensional real space, we construct 4 complex

hulls, determine spherical functions on the hyperboloid that can be continued analytically

on these hulls (there is a correspondence between hulls and series of spherical functions),

�nd projectors on subspaces where representations of separate series act, and write corre-

sponding Cauchy�Szego kernels

Keywords: hyperboloid of one sheet, complex hulls, spherical functions
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